The purpose of this paper is to generalize for real vector-valued functions of a result for real iterative functions and to give some applications for nonlinear system of equations.
Introduction
It is known the following result for iterative functions on the real line, see for example [?] In [?] we showed a complex variant of this theorem using [?] and [?]:
Theorem 2. ( general theorem for complex iterative functions ) If φ : B(z 0 , r) → C is a holomorphic function on the closed disc B(z 0 , r) ⊂ C, z 0 ∈ C, r > 0, such that the derivative function φ satisfies the inequality 0 ≤ |φ (z)| ≤ m < √ 2 2 for every z ∈ B(z 0 , r) and the point z 1 = φ(z 0 ) verifies the inequality |z 1 − z 0 | ≤ (1 − √ 2 · m) · r, then:
-we can form the sequence {z k } k∈N with the iterative rule z k+1 = φ(z k ), k ∈ N, such that for every k ∈ N we have z k ∈ B(z 0 , r);
-there exists the limit of the sequence {z k } k∈N and lim k→∞ z k = z * ∈ B(z 0 , r);
z * is the unique solution of the equation φ(z) = z in the closed disc B(z 0 , r).
Using theorem 2 in [?] we gave some applications for nonlinear complex equations. In order to solve the complex equation f (z) = 0 we used the following transformations: translation, translation and homothety, the Newton's method in complex case and we builded the complex version of parallel, chord and Steffensen's method.
The purpose of this paper is to show an extension of these theorems in the space R n . 
Main part
Let us consider the euclidian norm || · || on the space R n and the closed sphere B(w, r) = {x ∈ R n /||x − w|| ≤ r} in the space R n , with center w and radius r > 0. First we remember the Banach fixed point theorem in the case of the closed sphere B(w, r) :
. Then the function φ has a unique fixed point in B(w, r), which can be obtained as the limit of the sequence {x k } k∈N given by the iteration
Proof. Because B(w, r) ⊂ R n is a closed sphere in the space R n , will be a Banach space, too. Now we apply the Banach fixed point theorem for the function φ : B(w, r) → B(w, r).
We say that the function φ : Proof. It is immediately from the previous theorem 4. Proof. Using theorem 5 for every x, y ∈ B(x 0 , r) we get ||φ(x)−φ(y)|| ≤ M ·||x−y|| with M < 1, so φ is a contraction. Also we obtain for every
Using theorem 3 we finish this proof.
Discussion and conclusion
Next we give some applications for theorem 6. Conclusion 2. Let f be a function. Using the translation and the homothety the system of equations f (x) = 0 is equivalent with the system of equations
where ω ∈ R * . We can consider the iterative function φ(x) = x + ω · f (x), ω ∈ R * . Now we apply theorem 6 for the iterative function φ and we obtain the following result for the function f: if the function f : B(x 0 , r) → R n is a continuously differentiable function on B(x 0 , r), with x 0 ∈ R n and r > 0, ||1(x) + ω · D(f )(x)|| ≤ M < 1 for every x ∈ B(x 0 , r), and ||f (x 0 )|| ≤ (1 − M ) · r |ω| , then the system of equations f (x) = 0 has a unique solution x * ∈ B(x 0 , r) in the closed sphere B(x 0 , r) ⊂ R n and x * can be obtained as the limit of the sequence {x k } k∈N , x k+1 = x k + ω · f (x k ), k ∈ N.
Conclusion 3. Let f be a function. Using the Newton's transformation the system of equations f (x) = 0 is equivalent with the system of equations x − (f (x)) −1 f (x) = x, where we suppose that the determinant det(f (x)) = 0. We can consider the iterative function φ(x) = x − (f (x)) −1 f (x), which is the real n dimensional Newton's method. We denote with f * :
